Abstract -We consider a multi-input multi-output (MIMO) fading channel with coherent reception and provide a sharp characterization of the outage capacity in the form of an asymptotically tight (in the limit of high signalto-noise ratio) affine lower bound, under only mild assumptions on the fading distribution. The bound is simpler to compute than the original capacity and succinctly captures the various features particular to the channel. For systems where both the transmitter and the receiver have perfect channel state information, we derive asymptotically tight affine lower bounds on the outage capacities under a long-term and a short-term power constraint as well as on the delay-limited capacity. Further, when only the receiver has perfect channel state information, and when the rank of the channel matrix is equal to the number of transmit antennas with probability one, we show that an isotropic Gaussian input is asymptotically optimal. Moreover, for Ricean channels the asymptotic effect of the Rice factor on the delay-limited capacity is also characterized.
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I. INTRODUCTION
We focus on delay-constrained MIMO systems, where each transmitted codeword experiences only one fading realization. The channel state information (CSI) is known perfectly to the receiver (perfect CSI-R) but may or may not be known to the transmitter. For such systems, outage capacity is a relevant figure of merit [1] [2] [3] and is defined as the maximum rate that can be transmitted reliably over all channel realizations, except a subset whose probability is less than a pre-specified fraction. Outage capacity and outage probability of the (optimum) unconstrained MIMO system, i.e., one with no restriction on coding and which employs the optimum decoder, has received much recent attention. [4] [5] [6] [7] consider the outage probability and/or the outage capacity of the unconstrained MIMO system over the Rayleigh fading channel, when the receiver has perfect CSI (Perfect CSIR) but the transmitter has no CSI (no CSIT). All these works assume a uniform power allocation and fix the input covariance matrix to be the scaled identity matrix . The growth rate factor B ¤ C ¥ is called as the capacity order in [7] and corresponds to the maximum multiplexing gain point in the tradeoff curve obtained in [8] . However, the capacity order (or the This work was supported in part by NSF grants CCF-0423842 and CCF-0431170. maximum multiplexing gain) is a coarse measure of performance and it is often not sufficiently informative. For instance, it does not capture the impact of various relevant channel features, and as shown subsequently, it is also insensitive to the presence of CSI at the transmitter. On the other hand, [9] considers a general class of fading channels and determines the outage capacity of the unconstrained MIMO system where in addition to the receiver, even the transmitter has perfect CSI (perfect CSIT). The outage capacities are computed under a short-term as well as a long-term power constraint. [9] considers yet another performance metric, namely the delay-limited capacity which is also referred to as the zero-outage capacity and is the supremum of the rates for which the outage probability is zero.
In this paper we give a sharp characterization of the outage capacity of the (optimum) unconstrained system -with finite ¤ and ¥ and only mild assumptions on the fading distribution -in the form of an asymptotically tight (in the limit of high SNR) affine lower bound. By asymptotically tight bound we mean that the high SNR limit of the difference between the actual capacity and its lower bound is identically equal to zero. The lower bound captures the effect of the channel distribution and is sensitive to the presence of CSI at the transmitter. For perfect CSIR and no CSIT, we derive asymptotically tight lower bounds with and without the uniform power assumption. We also show that when the rank of the channel matrix is equal to the number of transmit antennas with probability one, isotropic Gaussian input is in fact asymptotically optimal. Next, with perfect CSIR and perfect CSIT, we derive asymptotically tight lower bounds on the outage capacities computed under a short-term and a long-term power constraint, as well as an asymptotically tight lower bound on the delay limited capacity. Moreover, for Ricean channels we characterize the asymptotic effect of the Rice factor on the delay-limited capacity.
II. SYSTEM MODEL
We consider a MIMO block-fading channel with N receive and K transmit antennas, governed by a discrete-time baseband model The resulting outage capacities are useful for channels with finite, albeit sufficiently large, block lengths. Lower bounds on the outage capacity for finite blocklengths are obtained in [10] . A rich class of fading channels satisfies the twin conditions in (2) . The usual correlated Rayleigh and Ricean fading channel models belong to this class. Moreover the virtual channel representation of realistic scattering environments [11] , often results in a fading matrix (denoted by I 4 in [11] ) that satisfies (2) .
Finally, to illustrate the outage capacity computations, we also specialize our results to the Ricean channel which is modeled as [12] ,
, where the rank-1 deterministic matrix D I satisfies we have the purely Rayleigh fading channel with no specular component. Results on the correlated Rayleigh fading channel can be found in [10] .
III. OUTAGE CAPACITY DERIVATION

A. CSI at Receiver
With no CSI-T and under the uniform power restriction the outage capacity for any . . .
We have the following theorem. 
From the first condition in (2), we see that
. Using a determinant expansion [13] , pp. 42, we get, 
Note that in (7), for each 
Furthermore, for any ' , the right hand side of (8) is nondecreasing in y , so that using (8) and (6) 
Using (9) and (5), we have that for arbitrary
Proof: Setting . Then using (16) it is readily seen that 
The following theorem gives an asymptotically tight lower bound for where ¤ denotes the indicator function.
D. Delay Limited Capacities
For fading channels which also satisfy, 
E. Optimality of the Uniform Power Allocation
Recall that for a given rate and y , the optimal input covariance which minimizes the outage probability is not known even for the special case of the Rayleigh fading channel [3] . In that seminal work, Telatar offers a conjecture on the optimal input covariance which however, to the best of the authors' knowledge, has only been proved for the systems with one receive antenna in [16] . Without the uniform power restriction, at a rate U , the outage probability is given by A similar observation was made in the contex of the ergodic capacity of the MIMO Ricean channel in [17] . Next, consider the long-term power control solution. From (18) and (19) we see that in the limit . Then an asymptotically tight lower bound to .
V. CONCLUSIONS
A high SNR framework was developed to analyze the outage capacity of MIMO channels for general fading distributions and for the archetypal problems that require receiver CSI but may or may not require transmitter CSI. The key feature of this framework is to develop general formulas for asymptotically tight affine lower bounds on outage capacity, thereby providing a sharper high SNR characterization than hitherto possible (such as with the well-acclaimed diversity multiplexing trade-off analysis of [8] ). Key consequences of our characterization is that it is sensitive to channel distribution and to the presence (or absence) of channel state information at the transmitter in a way that might either be intractable or impossible to capture using the diversity-multiplexing trade-off analysis of [8] . We are able to also conclude that for the CSIR only problem, an isotropic Gaussian input is asymptotically optimal if the rank of the channel matrix is equal to the number of transmit antennas with probability one. We apply the general result on the CSIR only problem to the Ricean fading channel and conclude that asymptotically, an increase in the Rice factor is beneficial to SIMO or MISO channels but detrimental to MIMO channels.
